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1. Introduction
Researchers in economics, engineering, environmental science, sociology, medical science, and many other fields deal
with the complexity of uncertain data. The nature of the uncertainty data appearing in these domains can be very different.
While probability theory, fuzzy sets, rough sets, and othermathematical tools arewell known and often useful approaches to
describing uncertainty, each of these theories has its inherent difficulties,which are pointed out byMolodtsov [1].Molodtsov
proposed a completely new approach for modeling vagueness and uncertainty—soft set theory. Soft set theory is free from
the difficulties affecting other existing methods.
In recent years, research on soft set theory has been active, and great progress has been achieved. Maji et al. [2] defined
and studied several operations on soft sets. Ali et al. [3] further presented and investigated some new algebraic operations
for soft sets. They studied algebraic structures of soft sets associated with the new operations in a systematic way. Feng
et al. [4] investigated the connections among fuzzy sets, rough sets and soft sets. They introduced the concepts of soft rough
sets and soft rough fuzzy sets and studied some related properties. Xu et al. [5] introduced the notion of the vague soft set
which is an extension to the soft set and discussed some basic properties of vague soft sets. Yin et al. [6] further applied
the concept of vague soft sets to hemiring theory. They introduced the notion of (∈,∈ ∨q)-vague (soft) left h-ideals of a
hemiring and investigated some related properties.
However, as we observe, several assertions (Propositions 3.3 (iii)–(vi), 3.5 (iii), (iv)) in Xu et al. [5] are not true in general.
In what follows we first give the related concepts and assertions in Xu et al. [5], then we verify that the corresponding
assertions in Xu et al. [5] are incorrect by counterexamples. Finally, we introduce reasonable definitions to improve the
results.
2. Preliminaries
In this section, we recall some basic notions in vague (soft) set theory introduced in [5,7].
Let U = {u1, u2, . . . , un} be an initial universe set. A vague set over U is characterized by a truth-membership function
tν and a false-membership function fν ,
tν :U → [0, 1], fν :U → [0, 1],
where for any ui ∈ U , tν(ui) is a lower bound on the grade of membership of ui derived from the evidence for ui, fν(ui) is a
lower bound on the negation of ui derived from the evidence against ui, and tν(ui) + fν(ui) ≤ 1. The grade of membership
of ui in the vague set is bounded to a subinterval [tν(ui), 1 − fν(ui)] of [0, 1]. The vague value [tν(ui), 1 − fν(ui)] indicates
that the exact grade of membership µν(ui) of ui may be unknown, but it is bounded by tν(ui) ≤ µν(ui) ≤ 1− fν(ui), where
tν(ui)+ fν(ui) ≤ 1.
Definition 2.1 ([7]). Let A and B be two vague sets of the universe U . If ∀ui ∈ U , [tA(ui), 1 − fA(ui)] = [tB(ui), 1 − fB(ui)],
then the vague sets A and B are called equal, denoted as A = B.
Definition 2.2 ([7]). The union of two vague sets A and B is a vague set C , written as C = A ∪ B, whose truth-membership
and false-membership functions are related to those of A and B defined by
tC (ui) = max{tA(ui), tB(ui)}
and
1− fC (ui) = max{1− fA(ui), 1− fB(ui)} = 1−min{fA(ui), fB(ui)}
for all ui ∈ U .
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Definition 2.3 ([7]). The intersectionof twovague setsA andB is a vague setC , written asC = A∩B, whose truth-membership
and false-membership functions are related to those of A and B defined by
tC (ui) = min{tA(ui), tB(ui)}
and
1− fC (ui) = min{1− fA(ui), 1− fB(ui)} = 1−max{fA(ui), fB(ui)}
for all ui ∈ U .
Let U be an initial universe, E a set of parameters, V (U) the set of all vague sets of U , and A ⊆ E. Xu et al. [5] introduced
the concept of a vague soft set based on soft set theory and vague set theory as follows.
Definition 2.4 ([5]). A pair (F , A) is called a vague soft set over the universe U , whereF is a mapping given byF :U → V (U).
Definition 2.5 ([5]). For two vague soft sets (F , A) and (G, B) over the universe U , we say that (F , A) is a vague soft subset of
(G, B), if A ⊆ B and ∀e ∈ A,F(e) andG(e) are identical approximations. This relationship is denoted by (F , A)⊆˜(G, B).
Similarly, (F , A) is said to be a vague soft superset in (G, B), if (G, B) is a vague soft subset of (F , A). We denote it by
(F , A)⊇˜(G, B).
Definition 2.6 ([5]). Two vague soft sets (F , A) and (G, B) over the universe U are said to be vague soft equal if (F , A) is a soft
subset of (G, B) and (G, B) is a soft subset of (F , A).
Definition 2.7 ([5]). A vague soft set (F , A) over the universe U is said to be a null vague soft set denoted by∅, if ∀e ∈ A,
tF(e)(x) = 0 and 1− fF(e)(x) = 0, x ∈ U .
Definition 2.8 ([5]). A vague soft set (F , A) over the universe U is said to be an absolute vague soft set denoted byA, if ∀e ∈ A,
tF(e)(x) = 1 and 1− fF(e)(x) = 1, x ∈ U .
Definition 2.9 ([5]). The union of two vague soft sets (F , A) and (G, B) over the universe U is a vague soft set denoted by
(H, C), where C = A ∪ B and
tH(e)(x) =

tF(e)(x) if e ∈ A− B,
tG(e)(x) if e ∈ B− A,
max{tF(e)(x), tG(e)(x)} if e ∈ A ∩ B,
and
1− fH(e)(x) =

1− fF(e)(x) if e ∈ A− B,
1− fG(e)(x) if e ∈ B− A,
1−min{fF(e)(x), fG(e)(x)} if e ∈ A ∩ B,
for all e ∈ C and x ∈ U . This is denoted by (H, C) = (F , A)∪(G, B).
Definition 2.10 ([5]). The intersection of two vague soft sets (F , A) and (G, B) over the universe U is a vague soft set denoted
by (H, C), where C = A ∪ B and
tH(e)(x) =

tF(e)(x) if e ∈ A− B,
tG(e)(x) if e ∈ B− A,
min{tF(e)(x), tG(e)(x)} if e ∈ A ∩ B,
and
1− fH(e)(x) =

1− fF(e)(x) if e ∈ A− B,
1− fG(e)(x) if e ∈ B− A,
1−max{fF(e)(x), fG(e)(x)} if e ∈ A ∩ B,
for all e ∈ C and x ∈ U . This is denoted by (H, C) = (F , A)∩(G, B).
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3. Counterexamples
We begin this section with a proposition given in Xu et al. [5].
Proposition 3.1 ([5]). If ∅ is a null vague soft set,A an absolute vague soft set, and (F , A) a vague soft set over U, then
(i) (F , A)∪(F , A) = (F , A).
(ii) (F , A)∩(F , A) = (F , A).
(iii) (F , A)∪∅ = (F , A).
(iv) (F , A)∩∅ =∅.
(v) (F , A)∪A =A.
(vi) (F , A)∩A = (F , A).
The following example shows that assertions (iii) and (iv) in Proposition 3.1 above are not true in general.
Example 3.2. Let E = {e1, e2, e3} be the set of parameters, A = {e1, e2} and B = {e2, e3}. Let (F , A) and (G, B) be vague soft
sets over the same universe U = {h1, h2, h3} such that
F(e1) =F(e2) = [0, 0]h1 + [0, 0]h2 + [0, 0]h3
and
G(e2) =G(e3) = [1, 1]h1 + [1, 1]h2 + [1, 1]h3 .
By Definitions 2.7 and 2.8 introduced by Xu et al. [5], (F , A) and (G, B) are a null vague soft set and an absolute vague soft
set, respectively. Now by Definition 2.9, the union of (F , A) and (G, B), denoted by (F , A)∪(G, B) = (H, C)where C = A∪ B,
is a vague soft set given by
H(e1) = [0, 0]h1 + [0, 0]h2 + [0, 0]h3
and
H(e2) = H(e3) = [1, 1]h1 + [1, 1]h2 + [1, 1]h3 .
Clearly, (F , A)∪(G, B) = (H, C) ≠ (F , A). Hence assertion (iii) is incorrect. Similarly, assertion (iv) is also incorrect.
In what follows, we denote by ∅∅ the unique vague soft set overU with an empty parameter set, which is called the empty
vague soft set over U as a generalization of the definition of empty soft set over U introduced in Ali et al. [3]. It is clear that
assertion (iii) in Proposition 3.1 in this manuscript will be true if we substitute ∅∅ for∅.
Proposition 3.3 ([5]). If (F , A), (G, B) and (G, C) are three vague soft sets over U, then
(i) (F , A)∪((G, B)∪(H, C)) = ((F , A)∪(G, B))∪(H, C).
(ii) (F , A)∩((G, B)∩(H, C)) = ((F , A)∩(G, B))∩(H, C).
(iii) (F , A)∪((G, B)∩(H, C)) = ((F , A)∪(G, B))∩((F , A)∪(H, C)).
(iv) (F , A)∩((G, B)∪(H, C)) = ((F , A)∩(G, B))∪((F , A)∩(H, C)).
The following example shows that assertions (iii) and (iv) in Proposition 3.3 above are incorrect.
Example 3.4. Let E = {e1, e2, e3} be the set of parameters and A = {e1, e2}, B = {e1} and C = {e2, e3}. Let (F , A), (G, B) and
(H, C) be vague soft sets over the same universe U = {h1, h2, h3, h4, h5} such that
F(e1) = [0.1, 0.2]h1 + [0.9, 1]h2 + [0.3, 0.5]h3 + [0.8, 0.9]h4 + [0.2, 0.4]h5 ,
F(e2) = [0.9, 1]h1 + [0.2, 0.7]h2 + [0.6, 0.9]h3 + [0.2, 0.4]h4 + [0.3, 0.4]h5 ,
G(e1) = [0, 0]h1 + [0, 0]h2 + [1, 1]h3 + [1, 1]h4 + [1, 1]h5 ,
H(e2) = [0.8, 0.9]h1 + [0, 0.1]h2 + [0.5, 0.7]h3 + [0.1, 0.2]h4 + [0.6, 0.8]h5 ,
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and H(e3) = [0.9, 1]h1 + [0.2, 0.3]h2 + [0.1, 0.4]h3 + [0.1, 0.2]h4 + [0.2, 0.4]h5 .
Denote
(G, B)∩(H, C) = (O1, X),
(F , A)∪((G, B)∩(H, C)) = (F , A)∪(O1, X) = (O2, Y ),
(F , A)∪(G, B) = (O3, Z),
(F , A)∪(H, C) = (O4,W )
and
((F , A)∪(G, B))∩((F , A)∪(H, C)) = (O3, Z)∩(O4,W ) = (O5, V ),
where X = B ∪ C, Y = A ∪ X, Z = A ∪ B,W = A ∪ C and V = Z ∪W .
Since e2 ∈ A ∩ X and e2 ∈ C − B, we have
tO2(e2)(h5) = max{tF(e2)(h5), tO1(e2)(h5)}
= max{tF(e2)(h5), tH(e2)(h5)}
= max{0.3, 0.6} = 0.6.
On the other hand, since e2 ∈ Z ∩W , e2 ∈ A ∩ C and e2 ∈ A− B, we have
tO5(e2)(h5) = min{tO3(e2)(h5), tO4(e2)(h5)}
= min{tF(e2)(h5),max{tF(e2)(h5), tH(e2)(h5)}}
= tF(e2)(h5) = 0.3.
Hence tO2(e2)(h5) > tO5(e2)(h5), which gives that (O2, Y ) is not a vague soft subset of (O5, V ), that is, (F , A)∪((G, B)∩(H, C))
is not a vague soft subset of ((F , A)∪(G, B))∩((F , A)∪(H, C)). Hence assertion (iii) is incorrect. Similarly, assertion (iv) is not
true in general.
To ensure that the distributive of vague soft sets is free from the above problems, we introduce the following definitions.
Definition 3.5. Let (F , A) and (G, B) be two vague soft sets over U . The restricted union of (F , A) and (G, B) is defined to be
the vague soft set ⟨H, C⟩, where C = A ∩ B and
tH(e)(x) = max{tF(e)(x), tG(e)(x)}, 1− fH(e)(x) = 1−min{fF(e)(x), fG(e)(x)}
for all e ∈ C and x ∈ U if A ∩ B ≠ ∅, otherwise (H, C) = ∅∅. This is denoted by (H, C) = (F , A) uniondbl (G, B).
Definition 3.6. Let (F , A) and (G, B) be two vague soft sets over U . The restricted intersection of (F , A) and (G, B) is defined
to be the vague soft set ⟨H, C⟩, where C = A ∩ B and
tH(e)(x) = min{tF(e)(x), tG(e)(x)}, 1− fH(e)(x) = 1−max{fF(e)(x), fG(e)(x)}
for all e ∈ C and x ∈ U if A ∩ B ≠ ∅, otherwise (H, C) = ∅∅. This is denoted by (H, C) = (F , A) e (G, B).
Based on these new definitions of soft sets, we can obtain the following proposition.
Proposition 3.7. If (F , A), (G, B) and (G, C) are three vague soft sets over U, then
(i) (F , A) e ((G, B)∪(H, C)) = ((F , A) e (G, B))∪((F , A) e (H, C)).
(ii) (F , A)∪((G, B) e (H, C)) = ((F , A)∪(G, B)) e ((F , A)∪(H, C)).
(iii) (F , A) uniondbl ((G, B)∩(H, C)) = ((F , A) uniondbl (G, B))∩((F , A) uniondbl (H, C)).
(iv) (F , A)∩((G, B) uniondbl (H, C)) = ((F , A)∩(G, B)) uniondbl ((F , A)∩(H, C)).
Proof. We only prove (i). (ii)–(iv) can be similarly proved. Suppose that
(F , A) e ((G, B)∪(H, C)) = (I, A ∩ (B ∪ C)),
((F , A) e (G, B))∪((F , A) e (H, C)) = (J, (A ∩ B) ∪ (A ∩ C)) = (J, A ∩ (B ∪ C)).
If A ∩ (B ∪ C) = ∅, it is clear that (F , A) e ((G, B)∪(H, C)) = ((F , A) e (G, B))∪((F , A) e (H, C)) = ∅∅; otherwise, for any
e ∈ A ∩ (B ∪ C), we have e ∈ A and e ∈ B ∪ C . Now, we consider the following cases.
Case1: e ∈ A, e ∉ B and e ∈ C . ThenI(e) =F(e) ∩H(e) =J(e).
Case2: e ∈ A, e ∈ B and e ∉ C . ThenI(e) =F(e) ∩G(e) =J(e).
Case3: e ∈ A, e ∈ B and e ∈ C . ThenI(e) =F(e) ∩ (G(e) ∪H(e)) = (F(e) ∩G(e)) ∪ (F(e) ∩H(e)) =J(e).
Therefore,I andJ are the same operators, and so (F , A) e ((G, B)∪(H, C)) = ((F , A) e (G, B))∪((F , A) e (H, C)). 
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